The renormalized quantum stress energy tensor T ν µ ren for a massive spinor field around global monopoles is constructed within the framework of Schwinger-DeWitt approximation, valid whenever the Compton length of the quantum field is much less than the characteristic radius of the curvature of the background geometry. The results obtained shows that the quantum massive spinor field in the global monopole spacetime violates all the pointwise energy conditions.
I. INTRODUCTION
In Quantum Field theory in curved spacetime the most important role is played by the renormalized quantum stress energy tensor T ν µ of the quantum field, which not only gives information on the energy, pressures and general features of the quantum field itelf, but used as a source in the so called semiclassical Einstein's equations allow to find te changes in the background geometry caused by the quantization of matter fields [1] [2] [3] [4] . Due to this fact, an imminent need is to have analytical expressions of the renormalized stress tensor.
However, the problem of determine exactly T ν µ for a generic spacetime is a very difficult, and we need to resort to approximations. There is a vast literature regarding this problem, with works that range from analytical approaches to purely numerical calculations [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
One of the most useful approaches, valid for massive fields, is the Schwinger-DeWitt proper time approach, that allow to obtain analytical expressions for the renormalized oneloop effective action for the quantum field, as an expansion in the square of the inverse mass of it. From the effective action, the quantum stress energy tensor can be determined by functional differentiation with respect to the metric. This approach can be used whenever the Compton's wavelenght of the field is less than the characteristic radius of curvature [1, [7] [8] [9] [10] [11] [12] [13] [14] [15] .
In previous paper [16] we study the quantization of a massive scalar field with arbitrary coupling to the gravitational field of a point-like global monopole, using the SchwingerDeWitt technique. We obtained very simple analytical results for the components of the quantum stress tensor, and use this results to show that the scalar field violates all the pointwise energy conditions in this spacetime. Global monopoles are interesting heavy objects as they appeared in the early universe as a result of a phase transition of a self-coupled scalar field triplet whose original global O(3) symmetry is spontaneously broken to U (1), being the scalar field the order parameter which is nonzero outside the monopole's core, where the main part of the monopole's energy is concentrated [17] . In this paper we continue the investigation of vacuum polarization effects in the spacetime of a poitlike global monopole, using the Schwinger-DeWitt approach to determine the renormalized stress tensor for a quantum massive spinor field in this gravitational background.
Previous works concerning the quantization of fields around global monopole systems includes the analysis of massless scalar fields [18] [19] [20] , and the determination of the quantum stress energy tensor for a massless spinor field [21, 22] .
The most simple model which gives rise to global monopoles was constructed by Barriola and Vilenkin in [17] . The line element that describes the spacetime geometry around the global monopole is given by
where M is the mass parameter and η is of order 10 16 Gev for a typical grand unified theory.
Neglecting the mass term we obtain the line element that describes the geometry around a pointlike global monopole:
where we define the parameter α according to the expression α
If we re-scale in the above solution the time and radial variables using τ = αt and ρ = r α we arrive to the line element
which shows that, as the value of η in field theory predicts a value for α < 1, this spacetime is characterized by a solid angle deficit, defined as the difference between the solid angle in the flat spacetime 4π and the solid angle in the global monopole spacetime 4πα 2 .
In the following consider a single massive neutral spinor field with mass µ in the gravitational background of a pointlike global monopole in four dimensions The action for the system is:
where φ provides a spin representation of the vierbein group and φ = φ * Γ, where * indicates the operation of transposition. Γ and Γ µ are the curved space Dirac matrices with satisfy the usual relations [Γ µ , Γ ν ] + = 2g µν I, being I the 4×4 unit matrix. The covariant derivative of any spinor χ obey the conmutation relations [23] :
and so forth, where [ , ] is the commutator bracket, From the action (4) we obtain the equation of motion for the massive spinor field φ:
In the following, we apply the Schwinger-DeWitt technique to obtain the one-loop effective action for the massive spinor fields that obeys (8) . The Schwinger-DeWitt technique is directly applicable to "minimal" second order differential operators ( acting on the superfield φ A ) that have the general form:D
where 2 = g µν ∇ µ ∇ ν is the covariant D'Alembert operator, ∇ µ is the covariant derivative defined by means of some background connection
the mass field and Q A (x) is an arbitrary matrix representing the potential.
We don't need the explicit form of the background affine connection C A Bµ (x) that defines the covariant derivative above, but it is only necessary to know the commutator of covariant
In the spinor field the curvature has the form R αβ = γ σ γ τ R στ αβ .
As is usual in Quantum Field Theory the effective action of the quantum field φ can be given as a perturbation expansion in the number of loops
where S (Φ) is the classical action of the free field. At one-loop we have:
where s detF = exp(str lnD) is the functional Berezin superdeterminant of the operatorD,
is the functional supertrace [8] . Now using the Schwinger-DeWitt representation for the Green's function of the operator (9), we can obtain the renormalized one-loop effective action of the quantum field φ:
The quantities [a k ] = lim x →x a k (x, x ), are the coincident limits of the Hadamard-DeWitt coefficients, whose complexity rapidly increases with k. The results for this coefficients up to order k = 4 can be find, for example, in reference [8] . As the differential operatorÂ = γ µ ∇ µ + m in (8) is not of the appropiate form (9) , to apply the Schwinger-DeWitt technique we introduces a new spinor variable ζ connected with φ by the relation φ = Γ σ ∇ σ ζ − mζ so that (8) take the form:
Now using the properties of Dirac matrices and the form of the spinor curvature R αβ we can
R so that equation (8) takes the desired form:
with the potential matrix given by Q = − 1 4 RÎ.
Using the above relations, integration by parts and the elementary properties of the
Riemann tensor, we can show that the one-loop effective action can be written, in the basis proposed in the paper [15] , as
The renormalized quantum stress energy tensor for the massive spinor field in a generic spacetime background can be determined from (14) by functional differentiation with respect to the metric tensor: 
The above result is a rather complex expression for the renormalized stress energy tensor for a spinor field in the Schwinger-DeWitt approximation This is valid for any spacetime [24] . The information of the massive spinor field is included in the coefficients accompanying each local geometric term constructed from the Riemmann tensor, its covariant derivatives and contractions.
Using (2) in (15) we obtain, for the components of the renormalized stress energy tensor for the massive spinor field in the pointlike monopole spacetime the very simple result
and
In Figure (1) we show the dependance on the distance from monopole's core r of the re-scaled components of the renormalized stress energy tensor
, for a massive spinor field in the pointlike global monopole spacetime. As we can observe, the re-scaled time component T 0 decreases with the increase of the distance from monopole's center, reaching its minimum value equal to zero as r → ∞. The same behaviour shows T 1 , due to (17) . Thus, for all values of the distance r, the time and radial components of the renormalized stress energy tensor for the massive spinor field in the pointlike global monopole background are positive.
On the contrary, the re-scaled angular components T 2 , increases with negative values as r increases, until it reach its maximum value equal to zero at large distances.
Defining the energy density and pressures of the quantum field as ρ = − T There are four pointwise energy conditions [25, 26] . In terms of the energy density and principal pressures of the quantum field, the Null energy condition (NEC) is satisfied when ρ − p r ≥ 0 and ρ + p ≥ 0. The Weak energy condition is equivalent to the NEC with the constraint ρ ≥ 0 added. The Strong energy condition (SEC) is equivalent to NEC with the constraint ρ − p r + 2p ≥ 0, and finally the dominant energy condition (DEC) is equivalent to the restrictions ρ ≥ 0 and −ρ ≤ p i ≤ ρ.
In terms of the re-scaled energy density and pressures of the quantum massive spinor field = 96π 2 µ 2 ρ and p i = 96π 2 µ 2 p i , the results obtained for the renormalized stress energy tensor indicates that, for all values of the distance from monopole's core, we have ≤ 0, p r ≤ 0, − p r = 0, + p < 0 and − p r + 2p < 0. Then, all the pointwise energy conditions are violated by the quantum massive spinor field in the pointlike global monopole spacetime.
The results obtained in this paper can be used to investigate the backreaction of the quantum massive spinor field upon the spacetime around the pointlike global monopole.
For this purpose, we can solve perturbatively the semiclassical Einstein's field equations, using the expressions for the quantum stress tensor reported here as a source. Our results on the implementation of this program will be considered in a future report.
